For a, r ∈ N, the set of positive integers, define F SP 2 (a, r) respectively SP 2 (a, r) to be the first n ∈ N, if such exists, such that whenever {1, 2, . . . , n} is r-colored, there exist x and y with a ≤ x < y such that {x, y, x + y, xy} is monochromatic (respectively {x + y, xy} is monochromatic). If no such n exists, the number is defined to be infinite. It is an old result of R. Graham that SP 2 (a, 2) is finite for all a. With that exception, the only cases (with r > 1) for which F SP 2 (a, r) or SP 2 (a, r) are known to be finite are those for which explicit values have been computed. In this paper we provide exact values of F SP 2 (a, 2) for a ≤ 5 (of which F SP 2 (1, 2) and F SP 2 (2, 2) were previously known). We provide exact values of SP 2 (a, 3) for a ≤ 9 and exact values of SP 2 (a, 2) for a ≤ 105. We also compute upper and lower bounds for SP 2 (a, 2).
Introduction
In [1, Theorem 2.6] it was shown that if r ∈ N and N is r-colored, there exist sequences x n ∞ n=1 and y n ∞ n=1 such that F S( x n ∞ n=1 ) ∪ F P ( y n ∞ n=1 ) is monochromatic. Here F S( x n ∞ n=1 ) = { t∈F x t : F ∈ P f (N)} and F P ( y n ∞ n=1 ) = { t∈F y t : F ∈ P f (N)}, where P f (N) is the set of finite nonempty subsets of N. At that time, it was not known whether one could always choose one sequence x n ∞ n=1 with F S( x n ∞ n=1 ) ∪ F P ( x n ∞ n=1 ) monochromatic. However, it was shown in [3] that there is a 7-coloring of N such that there is no sequence x n ∞ n=1 with P S( x n ∞ n=1 ) ∪ P P ( x n ∞ n=1 ) monochromatic, where P S( x n ∞ n=1 ) = {x n +x m : n = m} and P P ( x n ∞ n=1 ) = {x n x m : n = m}. * This author acknowledges support received from the National Science Foundation via Grant DMS-1160566. 2010 Mathematics Subject Classification. Primary 05D10 Given a finite sequence x t k t=1 , the notations F S( x t k t=1 ), F P ( x t k t=1 ), P S( x t k t=1 ), and P P ( x t k t=1 ) have their obvious meanings. The first author of this paper has maintained for a few decades that the following is a fact.
Let r, k ∈ N and let N be r-colored. There exists a sequence x t k t=1 such that F S( x t k t=1 ) ∪ F P ( x t k t=1 ) is monochromatic.
It should be understood that he has not claimed that he can prove this fact. The only case (with r > 1) with a proof is r = k = 2. And this is a computer generated result. R. Graham sometime in the mid 1970's used a computer program to verify that if {1, 2, . . . , 252} is 2-colored, then there exist x = y such that {x, y, x + y, xy} is monochromatic, and that the corresponding statement fails for {1, 2, . . . , 251}. He noted that the fact that x = 1 is allowed is crucial because, if y and 1 are the same color, then y + 1 must be the opposite color. Accordingly, one is led to define F SP 2 (a, r) as in the abstract, and ask whether one can establish that F SP 2 (a, r) is finite for all a and r.
In [1] the fact that F SP 2 (1, 2) = 252 was verified and it was established that F SP 2 (2, 2) = 990. These results were obtained using a Fortran program on the IBM mainframe computer in use at SUNY Binghamton in 1976. The result for F SP 2 (1, 2) took approximately two seconds of computer time and the result for F SP 2 (2, 2) took approximately four minutes of computer time. The author of [1] did not try to find F SP 2 (3, 2), feeling that the amount of computer time required would not be feasible. In 2012, running a Pascal program on a desktop computer with an Intel Cor2Duo CPU E8400 processor operating at 3.00 GHz, the result for F SP 2 (2, 2) took less than 2 seconds of computer time. And the fact that F SP 2 (3, 2) = 3150 was established using less than 52 seconds of computer time. We no longer have the program used in Binghamton, and we were able to significantly improve the efficiency of the current program by some modifications, but we suspect that the main difference in time consumption comes from improvement in processor speeds.
In Section 2 of this paper we discuss the basic coloring algorithm used to compute F SP 2 (a, 2), SP 2 (a, 2), and SP 2 (a, 3) as well as the limits on extending the results to higher values of a.
In the case of SP 2 (a, 2) we have a good deal of additional information. As we mentioned in the abstract, R. Graham proved that SP 2 (a, 2) is finite for all a. (This proof was presented with his permission as [2, Theorem 3.3] .) We have computed the upper bounds that are provided by this original proof, and also have computed a very slight improvement. Both of these bounds are on the order of 8 9 a 4 . We also prove a lower bound on the order of a 3 . These results are presented in Section 3.
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The "preliminary calculations" referred to in Figure 1 involve such things as computing the degrees of vertices and sorting so that the higher degree vertices come first. Here also some tables may be computed that allow one to quickly find which vertices a given vertex is connected to. In the case of the computation of SP 2 (a, 3), one enters by hand the vertices of a triangle, assigning each such vertex to one color. For example, when a = 3, the values 32, 87, and 252 are vertices of a triangle. (32 = 3 + 29 and 87 = 3 · 29 so {32, 87} is an edge. 32 = 14 + 18 and 252 = 14 · 18 so {32, 252} is an edge. 87 = 3 + 84 and 252 = 3 · 84 so {87, 252} is an edge.) Of these, only {32, 252} remains an edge when a = 4. The smallest triangles for a = 3 through 9 are given in Table 4 . There are three variables and three arrays that are updated throughout the program. The array entry assgclr[i] is 0 if i has not been assigned to a color, and otherwise is the number of the color to which i has been assigned; assglist[i] is the i th vertex assigned; and listlevel[i] is the address in assglist of the first item assigned when level=i. The variable level records the number of free assignments made; listtop is the address in assglist of the last assignment made; and checktop is the address in assglist of the last entry which has been checked for forcing or contradictions resulting from its assignment.
In Figure 2 the "first" unassigned is one of the highest degree vertices which have not been assigned. One such is assigned to color 1. Then, as de- If there is a monochromatic edge, then one proceeds to the "contradiction" segment. What is done here depends on whether one is considering 2-colorings (Figure 4 ) or 3-colorings ( Figure 5 ). In either case, let k be the vertex which was freely assigned at the current value of level and let color be the color to which it was assigned. In the case of 2-colorings, necessarily color = 1 and, since this assignment led to a contradiction, k is forced to color 2 at the previous value of level (unless level = 0, in which case no good coloring is possible). In the case of 3-colorings, if color = 1, then one needs to consider the assigment of k to color 2. If color = 2, then since both the assignment of k to color 1 and to color 2 has led to a contradiction, k is forced to color 3 at the previous value of level (again unless level = 0, in which case no good coloring is possible).
In terms of time consumption, the most critical part of the algorithm is in Figure 3 where one determines whether m is in a monochromatic edge and whether the assignment of m to kolor forces some other vertex to a different color. Consider for example the program for computing SP 2 (a, 3) . Computing from scratch each time whether there is an edge from m to k would, of course, be very time consuming. Initially, among the preliminary calculations we computed a {a, a + 1, a + 2, . . . , max} × {a, a + 1, a + 2, . . . , max} array edges with edges[i,j] = 1 if there is an edge between i and j and edges[i,j] = 0 otherwise. One then checked individually for each value of k whether there is an edge from m to k. Running this version of the algorithm on a laptop computer with an Intel Cor2Duo CPU P8400 processor operating at 2.26 GHz with a = 6 and max = 28259 it took 246 seconds to find a coloring with no edges and with max = 28260 it took 350 seconds to determine that all colorings have a monochromatic edge.
Motivated partly by the fact that the array edges was taking up a huge amount of RAM as a increased, we changed edges to a one dimensional array (with size twice the total number of edges) and introduced a new {a, a + 1, a + 2, . . . , max} × {1, 2} array inedges. We set inedges A word about our confidence in our results is in order. In principle, when the program declares that there are no good colorings, one could have the computer print the cases considered and use those to write out a proof. This was in fact done in [1, Theorem 4.3] . But for larger numbers, this is not feasible. What we are very confident of is the fact that each of the listed numbers is at least as large as stated. This is because we had the program in each instance produce a file which had the colors to which each number was assigned. This file was then used as input for a separate program which, with a very simple and transparent algorithm, verified that the coloring had no monochromatic edges. C We conclude this section with a brief discussion of what made us stop when we did. For the computation of F SP 2 (a, 2) the reason was simply time consumption. Running on the same laptop mentioned above, it took 3 hours, 47 minutes, and 19 seconds to find a 2-coloring of {5, 6, . . . , 14363} with no x < y such that {x, y, x + y, xy} is monochromatic and it took 3 hours, 54 minutes, and 7 seconds to show that any 2-coloring of {5, 6, . . . , 14364} does have a monochromatic edge. This contrasts with times of 40 seconds for {4, 5, . . . , 5599} and 13 minutes and 44 seconds for {4, 5, . . . , 5600}. It seems clear that finding F SP 2 (6, 2) using this program is not feasible. (Don't forget that the program needs to be run once for each value of max that is tested.)
For the computation of SP 2 (a, 3), the constraint was available RAM. The revised program mentioned three paragraphs above required twice the storage (as 4 byte numbers) as the number of edges. The number of edges in {7, 8, . . . , 62033} is 194985. The number of edges in {8, 9, ..., 122303} is 408521. The number of edges in {9, 10, ..., 222263} is 781075.
For the computation of SP 2 (a, 2), the constraint was largely available RAM, mixed in with a feeling of diminishing returns. The main reason we continued all the way to 105 was the fact, which we will discuss further in the next section, that in each case we kept finding that SP 2 (a, 2) is divisible by a 2 .
Bounds for SP 2 (a, 2)
In this section, we compute the upper bound on SP 2 (a, 2) which results from Graham's original proof that the number is finite, and establish a slight improvement on that bound. Both of these upper bounds are on the order of 8 9 a 4 . And we establish a lower bound of a 2 (a + 2 √ a ). For a ∈ {3, 4, 5, 6, 7, 8, 11}, SP 2 (a, 2) = 2a 3 and for all computed cases with a > 2, SP 2 (a, 2) ≤ 2a 3 . We have not been able to prove that 2a 3 is an upper bound.
We begin with the very simple proof of our lower bound.
Proof. The conclusion holds for a = 1 and a = 2, so assume that a ≥ 3. Let
and let A 2 = {a + k + 1, a + k + 2, . . . , a(k + 1) − 1}. We need to show that there do not exist x and y with a ≤ x < y and i ∈ {1, 2} such that {x + y, xy} ⊆ A i . So suppose instead we have such x, y, and i.
. Suppose x + y ∈ {a, a + 1, . . . , a + k}. Then xy ≥ a(a + 1)
and a(a + 1) > a + k since a > 2. Also xy < a+k 2
2
≤ a(k + 1) so xy / ∈ A 1 . Finally suppose that x + y ∈ A 2 . Then xy ≥ a(x + y − a) ≥ a(k + 1) so xy / ∈ A 2 . Now we present the upper bound which is given by Graham's original argument. Proof. We shall establish (1), the other proofs being very similar. The case t = 1 holds by hand computation, so assume t > 1. Let k = t 2 + 3t. We are claiming that SP 2 (a, 2) ≤ 2(k−2)(k+1). Let ϕ : {1, 2, . . . , 2(k−2)(k+1)} → {1, 2}. Case 1. ϕ 3(3t + 1) = 3(3t + 2) = . . . = ϕ(3k). Let x = 3t and let y = 6t + 3. Then a = x < y, x + y = 3(3t + 1), and xy = 3k < 2(k − 2)(k + 1).
Case 2 Graham's original argument was based on the fact that if all of the multiples of 3 are the same color, then one trivially gets arbitrarily large x < y such that x + y and xy are the same color. Our slight improvement is based on the fact that if all of the elements which are not multiples of 3 are the same color, the same conclusion holds.
Proof. We shall establish (2), the other proofs being very similar. (Again, for (1), the case t = 1 needs separate verification.) Let k = 6t 2 + 6t. We are claiming that SP 2 (a, 2) ≤ 2k(k + 2). Let ϕ : {1, 2, . . . , 2k(k + 2)} → {1, 2}. Case 1. There is some m ∈ {a, a + 1, . . . , k} such that ϕ(3m + 1) = ϕ(3m + 2). Then 2m(m + 1) < 2k(k + 2). If ϕ 2m(m + 1) = ϕ(3m + 1), let x = m + 1 and y = 2m. If ϕ m(2m + 2) = ϕ(3m + 2), let x = m and y = 2m + 2.
Case 2. There is some m ∈ {a, a + 1, . . . , k} such that ϕ(3m + 2) = ϕ(3m + 4). Then 2m(m + 2) ≤ 2k(k + 2). If ϕ 2m(m + 2) = ϕ(3m + 2), let x = m + 2 and y = 2m. If ϕ m(2m + 4) = ϕ(3m + 4), let x = m and y = 2m + 2.
Case 3. For all m ∈ {a, a + 1, . . . , k}, ϕ(3m + 1) = ϕ(3m + 2) and for all m ∈ {a, a + 1, . . . , k}, ϕ(3m + 2) = ϕ(3m + 4). Then ϕ(3a + 1) = ϕ(3k + 4). Let x = a + 1 and y = 2a.
As we noted earlier, in all computed cases, SP 2 (a, 2) is divisible by a 2 . As a increases, this seems less likely to be a random occurrence. But we have been unable even to prove that SP 2 (a, 2) is divisible by a.
Conjecture 3.4. For all a ∈ N, SP 2 (a, 2) is divisible by a.
We close with two experimental observations. The first, which allowed us to compute SP 2 (a, 2) with very small time consumption, is the fact that in each case the graph with edges {x + y, xy} for a ≤ x < y consisted of the component of 2a + 1 together with a graph which is trivially bipartite. (As a consequence, to verify on the laptop described previously that {105, 106, . . . , 1543500} could not be two colored without monochromatic edges took less than 13 seconds of processor time while to show that the graph on {105, 106, . . . , 1543499} is bipartite took 6 seconds of processor time.) In most cases the remainder either consisted of a large number of degree 0 vertices and a few (at most 15) isolated edges, or it consisted of the degree 0 vertices, some isolated edges, and one or two disjoint stars. The most complicated configuration of the remainder after deleting the component of 2a + 1 occurred when a = 53. Then this remainder had 6 isolated edges and stars centered at 129, 130, 131, and 133 whose centers had degrees of 12, 12, 13, and 14 respectively. The stars centered at 129 and 130 had the vertex 4104 in common; the stars centered at 130 and 131 had the vertex 4200 in common; the stars centered at 131 and 133 had the vertex 4104 in common; and the stars centered at 129 and 133 had the vertex 4158 in common.
Our second experimental observation is that in most, but not all, cases the 2-coloring A 1 , A 2 of {a, a + 1, . . . , SP 2 (a, 2) − 1} which our program found was very similar to the coloring in Theorem 3.1. That is, there was some number m such that, letting k = SP 2 (a, 2), letting b = a + k a , and letting B = {xy : a ≤ x < y , x + y ≤ m, and xy ≥ b}, one had A 1 = {a, a + 1, . . . , m} ∪ {b, b + 1, . . . , k − 1} \ B
